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Abstract The three-dimensional generalized dynamics of soft-matter quasicrystals 
was investigated, in which the governing equations of the dynamics are derived for  
observed 12-fold symmetry quasicrystals and possible observed 8- and 10-symmetry 
ones in near future in soft matter. The solving methods, possible solutions for some 
initial and boundary value problems of the equations and possible applications are 
discussed as well.  
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1. Introduction 
Fan[1,2] discussed the soft-matter quasicrystals observed since 2004 [3-7],gave 
their dynamics equations, but only concerned the planar field. All observed 
soft-matter quasicrystals are two-dimensional quasicrystals so far. The 
two-dimensional quasicrystals consist of two kinds of ones, i.e., the first and second 
kinds. The first kind ones have been studied from the three-dimensional point of view 
of the group representation, while the second kind ones only have been studied from 
the two-dimensional point of view only. Therefore, the so-called three-dimensional 
analysis here gives only for the first kind ones. The three-dimensional field equations 
are very important and useful, for example, the flow of the soft-matter past a sphere, 
i.e., the generalized Stokes problem is significant in theory and application, it is 
well-known the classical Stokes solution was used by Einstein in 1905 in the 
Brownian motion and led to determination of Loschmidt’s number, then again used by 
Millikan in 1922 led to the determination of the electronic charge. In soft matter many 
motion including the supramolecules self-assembly are related with the sphere 
configuration etc.  
 
2. Generalized dynamics of soft-matter quasicrystals 
    In Refs [1,2], the author pointed out there were quite great differences between 
soft-matter and solid quasicrystals, from the point of view of condensed matter 
physics, but the formulation of the generalized hydrodynamics of the solid ones given 
by Lubensky et al [8,9] can be drawn for the application by the soft-matter ones,  and 
after some modifications and supplementations, we can set up the generalized 
hydrodynamics or generalized dynamics for simplicity.  The derivation of both 
dynamics is based on the generalized Langevin equation and the Poisson brackets, 
there are many similarities to each other. However there are main differences in 
principle between them: 
1) The solid viscosity constitutive equation in Refs [8,9]  
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is replaced by the fluid constitutive equation 
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so that the constitutive laws of phonons, phasons and fluid phonon are, respectively, 
' '
w ,
,
, ,
1 1, ,
2 2
ij ijkl ij ijkl kl
ij ijkl ij klij kl
ij ij ij ij ijkl kl
j ji i i
ij ij ij
j i j j i
C R
H K w R
p p
u Vu w Vw
x x x x x
 

    
 
                                


    (1) 
where iu denotes phonon displacement vector; ij the phonon stress tensor; ij the 
phonon strain tensor; iw the phason displacement vector; ijH the phason stress tensor;
ijw the phason strain tensor; iV the fluid phonon velocity vector; ijp  the fluid stress 
tensor; p the fluid pressure; ijkl  the fluid viscosity coefficient tensor; ij the fluid 
deformation rate tensor; and ,ijkl ijklC K and ,ijkl klijR R  are the phonon, phason and 
phonon-phason coupling elastic constant tensors, respectively. For simplicity, we here 
only discuss the constitutive law of simplest fluid, i.e.,  
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where  is the first viscosity coefficient; ' the second one, which is omitted as it is too 
small(note that the description here only shows the difference of constitutive laws 
between solid and fluid, however this does not  mean that  in solid there is no 
pressure); 
 
2) An equation of state ( )p f  should be supplemented and in solid quasicrystals an 
equation is unnecessary. The equation of state belongs to the thermodynamics of soft 
matter, so the present discussion is beyond the scope of pure hydrodynamics. We used 
the results from Wensink [10], with some modifications by the author [1], i.e.,  
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where Bk  is the Boltzmann constant;T  the absolute temperature; l the characteristic 
size of soft matter; and 0  the initial value of mass density  .  
   After the modification and supplementation, we obtain the governing equations of 
hydrodynamics of soft-matter quasicrystals are as follows 
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in which H  is the energy functional or the Hamiltonians for quasicrystal systems. 
For the first kind of two-dimensional quasicrystals of soft matter, the energy functional 
or the Hamiltonians are similar to that given by Lubensky et al for solid quasicrystals in 
form such as: 
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where 0, ,A B     the material constants due the variation of the density, 
and elF denotes the elastic strain energy; and u w uw, ,F F F represent the strain energies 
of phonons, phasons and phonon-phason coupling of the matter, respectively: 
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 The derivation of the first 4 equations (the equations of motion) is based on the 
Poisson bracket method of condensed matter physics [11], which was used by 
Lubensky et al. [8] in solid quasicrystal study for the first time. The Chinese literature 
on this method can be found in Ref [1] and others provided by the author, where there 
are many additional details on the derivations of equations of motion of quasicrystals. 
A key application of the Poisson bracket method lies in the Hamiltonian individual 
quasicrystal systems, given in the following sections. It is evident that the derivation 
based on Poisson brackets are not concerned the equation of state, which is a result of 
thermodynamics [10]. 
   The modified framework of hydrodynamics described by equations (3) is called as 
generalized hydrodynamics, which is a heritage and development of equations of 
Lubensky et al created for solid quasicrystals. 
 
3. Soft-matter quasicrystals with 12-fold symmetry 
   The discussion in Ref [1] was only concerned with the planar field, we there did 
not concern the three-dimensional problem of the dynamics, and equations (3) here 
hold for one-, two- and three-dimensions. The equations (3) are tight, but very hard to 
understand, and it is not convenient to apply in the calculation. 
   At first we simplify the equations for soft-matter quasicrystals with 12-fold 
symmetry, which might be the most important class of soft-matter quasicrystals 
observed so far. For this purpose, we must list the three-dimensional constitutive laws 
on phonons, phasons and fluid phonon, respectively, as follows Ref [12-14] 
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then the equations of dynamics of soft-matter quasicrystals of 12-fold symmetry are  
as following by omitting the higher order terms of i j
j
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The equations (7) are the final governing equations of dynamics of soft-matter 
quasicrystals of 12-fold symmetry in three-dimensional case with fields variables 
, , , , , , , ,x y z x y x y zu u u w w V V V  and p , the amount of the field variables is 10, and amount 
of field equations is 10 too, among them: (7a) is the mass conservation equation, (7b)- 
(7d) the momentum conservation equations, (7e)- (7g) the equations of motion of 
phonons due to the symmetry breaking, (7h) and (7i) the phason dissipation equations, 
and (7j)  the equation of state, respectively.  The equations are consistent to be 
mathematical solvability, if there is lack of the equation of state, the equation system 
is not closed, and has no meaning mathematically and physically. This shows the 
equation of state is necessary.  
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4. Soft-matter quasicrystals with 8-fold symmetry 
Apart from the observed 12- and 18-fold symmetry soft-matter quasicrystals, the 
8-fold symmetrical soft-matter quasicrystals may also be observed in the near future. 
This kind of solid quasicrystal is very stable, which is important especially as there are 
strong coupling effects between the phonons and phasons, and it is interesting to study 
their mechanical and physical properties and mathematical solutions. We considered 
the plane of quasiperiodicity to be xy  plane, if the zaxis is 8-fold symmetry axis. 
Next, for the possibility of soft-matter octagonal quasicrystals in soft matter there is the 
final governing equation system of the generalized dynamics, after some derivations by 
similar steps to the previous section, but we must list the constitutive law [12-14] 
first: 
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With this basic relations the governing equations of three-dimensional generalized 
dynamics of soft-matter quasicrystals with 8-fold symmetry are as follows
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phonon-phason coupling constant,   the fluid dynamic viscosity, and u , w  the 
phonon and phason dissipation coefficients, A , B  the material constants due to 
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The equations (9) are the final governing equations of dynamics of soft-matter 
quasicrystals of 8-fold symmetry in three-dimensional case with fields variables 
, , , , , , , ,x y z x y x y zu u u w w V V V  and p , the amount of the field variables is 10, and amount 
of field equations is 10 too, among them: (9a) is the mass conservation equation, (9b)- 
(9d) the momentum conservation equations, (9e)- (9g) the equations of motion of 
phonons due to the symmetry breaking, (9h) and (9i) the phason dissipation equations, 
and (9j)  the equation of state, respectively.  The equations are consistent to be 
mathematical solvability, if there is lack of the equation of state, the equation system 
is not closed, and has no meaning mathematically and physically. This shows the 
equation of state is necessary.  
These equations reveal the nature of wave propagation of fields u and V with 
phonon wave speeds 11 11 121 2 3
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5. Soft-matter quasicrystals with 10-fold symmetry 
The 12- and 18-fold symmetrical soft-matter quasicrystals were observed, with a 
possibility that 10-fold symmetrical soft-matter quasicrystals will be discovered 
thereafter. These kind of solid quasicrystals are very stable, which promote important 
interest. Especially as there are strong coupling effects between the phonons and 
phasons, it is interesting to study their mechanical and physical properties and 
mathematical solutions. If we consider the plane in the xy  plane to be a quasiperiodic 
plane, and if zaxis is the 10-fold symmetry axis, then after derivation similar to those 
previous sections, we can obtain the final governing equation system for the type of 
soft-matter quasicrystals, but we must list the constitutive laws for phonons, phasons 
and fluid phonon[12-14] first: 
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So that we obtain the governing equations of 10-fold symmetry quasicrystals in soft 
matter
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constant,   the fluid dynamic viscosity, and u , w  the phonon and phason 
dissipation coefficients, A , B  the material constants due to variation of mass density, 
respectively.  
The equations (11) are the final governing equations of dynamics of soft-matter 
quasicrystals of 10-fold symmetry in three-dimensional case with fields variables 
, , , , , , , ,x y z x y x y zu u u w w V V V  and p , the amount of the field variables is 10, and amount 
of field equations is 10 too, among them: (11a) is the mass conservation equation, 
(11b)- (11d) the momentum conservation equations, (11e)- (11g) the equations of 
motion of phonons due to the symmetry breaking, (11h) and (11i) the phason 
dissipation equations, and (11j)  the equation of state, respectively.  The equations 
are consistent to be mathematical solvability, if there is lack of the equation of state, 
the equation system is not closed, and has no meaning mathematically and physically. 
This shows the equation of state is necessary.  
These equations reveal the nature of wave propagation of fields u and V with 
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     and the nature of the diffusion of field w with 
diffusive coefficient 
1
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D   from the view point of hydrodynamics.
  
6. Solving procedure and some preliminary results  
The variables , , , , , , ,x y z x y x y zu u u w w V V V  represent the fields of corresponding 
elementary excitations, which with fluid pressure p and mass density  follow the 
equations (7), (9) and (11) for different  soft-matter quasicrystal systems, to 
determine these hydrodynamic quantities one must solve the equations under 
appropriate initial and boundary conditions. 
The solving of equations (7) (or (9), or (11)) coupled by initial and boundary 
conditions is very difficult, and the analytic solution might be an exceptional case[15].  
The computation is very complex and can be done only by numerical methods. We used 
finite difference method. In our practice, the computation is stable, which shows the 
equations and the formulation are correct. The preliminary results exhibit a large 
distinction of dynamic behaviour between soft-matter and solid quasicrystals, for 
example, for soft-matter quasicrystals the compressibility 4 3
0
10 10
  [16] by 
numerical solutions, while for solid quasicrystals 13
0
10
 in Ref [17],meanwhile, for 
soft-matter quasicrystals the ratio between fluid stress over elastic stress 1ij
ij
p
   are 
shown in Refs [18], and the ratio between solid viscous stress over elastic stress 
'
1510ij
ij


 for solid quasicrystals is demonstrated in Ref [17]. 
As the solutions require the assistance of mathematical physics and computational 
physics, and need a large volume for presentation, many details have not included due 
to space limitations. 
7. Conclusion and Discussion 
The three-dimensional equation systems of generalized dynamics of 8-, 10- and  
12-fold symmetry two-dimensional quasicrystals in soft matter were derived. This 
improves our work previously for planar field. 
The solutions of the initial- and boundary-value problems of these nonlinear partial 
differential equations have provided fruitful results describing mass distribution, 
deformation and motion of soft-matter quasicrystals, which present great differences in 
behaviour physically to those of solid quasicrystals. 
In the theoretical system, the present dynamics is the heritage and development of 
the hydrodynamics of solid quasicrystals by Lubensky et al. [8,9]. 
This article reports only on the three-dimensional version of field equations for the 
first kind of two-dimensional soft-matter quasicrystals, and it does not concern the 
second kind of two-dimensional soft-matter quasicrystals, which are more complex, 
will be discussed later. 
More recently Ref [19] reported a molecular dynamics modelling on possible 
quasicrystals of 12-fold symmetry in smectic B liquid crystals, the work pointed out 
there might be a problem on the existence of phason degrees of freedom based on the 
observation in the modeling. This is an interesting topic. In our practice  the effect of 
phason degrees of freedom is very weak due to the decoupling between phonons and 
phasons in 12-fold symmetry quasicrystals based on the computation with constitutive 
equations (6). 
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